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Abstract 
By applying a look-ahead algorithm, we show that there are, up to isomorphism, exactly 
two colorings of the edges of K15 with three colors which do not contain a monochromatic 
triangle. Based on this result we derive a new upper bound for the three color Ramsey number, 
R(4,3,3)~<32. The best previously known bounds were 30~<R(4,3,3)~<33. 
1. Introduction 
An edge-coloring ofKn with m colors 1,2 .... , m, which does not contain a monochro- 
matic clique Kr, in color i for all 1 <~i<~m, is called (rl,r2 .. . . .  rrn; n)-Ramsey coloring 
or in short ( rl , r2 . . . . .  rm; n )-Rc. The classical multi-color Ramsey number R( rl , r2 . . . . .  
rm), m>>.3, is defined to be the smallest integer n such that there is no (rl,r2 . . . . .  
rm; n)-Rc. 
The only known nontrivial exact value of the classical multi-color Ramsey number 
is R(3,3,3) --- 17 [2]. R(4,3,3) is the smallest unknown multi-color Ramsey number 
for which before this work the bounds 30~<R(4,3,3) [3] and R(4,3,3)~<33 [1] were 
known. An extensive survey of known bounds and values of various kinds of Ramsey 
numbers appeared recently in [6], where this work is referred as [Piw2]. 
In this paper, as a result of computer computations, we show that there are exactly 
two nonisomorphic (3,3,3; 15)-Rc. Based on their properties and on some properties 
of (4, 3; 8)-Re we establish a new upper bound R(4, 3, 3) ~< 32. 
2. Notation, definitions and basic properties 
In the sequel we say simply colorin9 instead of edge-coloring. The coloring which 
may not define colors of some edges of graph G will be called a partial eolorin9 of G. 
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Let c,c t : E(G)  --~ {1,2 . . . . .  m} be two colorings of G. We say that c and c' are 
isomorphic if there exists a 1-1 function f :  V(G)---* V(G) such that for each v, wE 
V(G), e ({v ,w})= e ' ({ f (v ) , f (w)}) .  I f  there exists a permutation of colors g such 
that c and g o c t are isomorphic we say that c and c t are similar. This means that 
two colorings are isomorphic iff one may be obtained from the other by interchanging 
vertices. Alike, two colorings are similar iff one may be obtained from the other by 
interchanging vertices and colors. 
Given a coloring c of graph G and vertex v E V(G), let Ni(v) denote the set of all 
vertices w E V(G) such that edge {v,w} has color c({v ,w})= i, and define ni (v)= 
[Ni(v)[. It is easy to see that every (rl,r2 .... ,rm; n)-Rc restricted to subgraph induced 
by Ni(v) is a (ra,r2 . . . . .  r i - l ,r i  - 1,ri+i . . . . .  rm; ni(v))-Rc. 
This immediately implies the following well-known inequality: 
In 
R(rl,r2 . . . . .  rm) <. ~ R(rl,r2 . . . . .  r i - l , r i  - 1,ri+l . . . . .  rm) - m + 2 (1) 
i=l 
3. (3, 3, 3; n)-Ramsey colorings 
By the definition (3,3, 3; n)-Rc is a three color edge-coloring of Kn which does not 
contain a monochromatic triangle in each of three colors. It is known that R(3, 3)=6.  
Thus, from (1) we have R(3,3,3)~<17 which implies that there does not exist 
(3,3,3;n)-Rc for n > 16. In 1968, Kalbfleisch and Stanton [4] showed a construc- 
tion of all (3,3, 3; 16)-Rc proving that, up to isomorphism, there are exactly two such 
colorings (see also [5]). In the following we derive all nonisomorphic (3,3,3; 15)-Rc 
and present heir incidence matrices. 
Let us assume that c is a (3,3,3; 15)-Rc, and consider any vertex v of KIS. For 
every 1 ~<i~<3, the coloring c restricted to the subgraph induced by Ni(v) must be 
(3, 3; ni)-Rc. Because R(3, 3) = 6, we obtain 4 ~ ni ~< 5 for every 1 ~< i ~< 3. Enumeration 
of all triangle-free two-color Ramsey colorings is trivial. Up to isomorphism, there are 
exactly one (3,3;5)-Rc and three (3,3;4)-Rc as shown in Fig. 1. 
One can easily see that the colorings (b) and (d) of Fig. 1 are similar. These facts 
imply the following: 
Lemma 3.1. For each (3,3,3; 15)-Rc c there exists a coloring c', similar to c, which 
is an extension of  cl or c2, where Cl and c2 are partial colorings Of Kl5 presented in 
Fig. 2. 
a) b) c) d) 
Fig. 1. All nonisomorphic (3,3;k)-Rc, k = 4, 5. 
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Fig. 2. cl and c2 -- two partial colorings of K15. 
These two partial colorings are the starting point for an exhaustive search algorithm 
whose task is to extend them to a complete (3,3,3; 15)-Rc. The following procedure 
leads to the complete list of all, up to isomorphism, (3,3,3; 15)-Re: 
Step 1: Initialize the empty set of solutions SOL. 
Step 2: For each of two partial colorings cl and c2 shown in Fig. 2 perform ex- 
haustive search and add each obtained complete (3,3,3; 15)-Rc to the set SOL. 
Step 3: Delete isomorphic olorings from SOL. 
Step 4: For each coloring c E SOL generate all colorings which can be obtained 
from c by interchanging colors and add them to SOL. 
Step 5: Delete isomorphic olorings from SOL. 
Using this algorithm the following results were obtained: For the partial coloring 
cl no extension to a complete (3,3,3; 15)-Rc exists and for the partial coloring c2 
there are 600 such extensions. After execution of Step 3 two nonisomorphic colorings 
remained. In Step 4 additional 10 colorings were generated. And after Step 5, just like 
Step 3, the same two colorings remained. The incidence matrices of both nonisomorphic 
(3,3,3; 15)-Rc c3 and c4 are shown in Table 1. Presented matrices are symmetric and 
only the subdiagonal part is shown. The numbers 1,2, 3 indicate colors of particular 
edges. 
These results imply the following: 
Theorem 3.1. There are, up to isomorphism, exactly two (3,3,3; 15)-Rc with inci- 
dence matrices hown in Table 1. 
Let us present some interesting properties of these colorings, which were derived by 
simple analysis with some help of computer: 
Proposition 3.1. (a) Colorings c3 and c4 are not similar. 
(b) All subgraphs formed by the edges of one color of color&gs c3 or c4 are 
isomorphic to the 9raph in Fig. 3 (similar representation of the 9raph formed by 
one-color edges in any (3,3,3; 16)-Rc appeared in [4]). 
(c) Both colorings c3 and c4 can be extended to (3, 3, 3; 16)-Rc. 
(d) Every (3,3,3; 15)-Rc contains exactly 35 edges in each of the three colors. 
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Table 1 
Incidence matrices for (3,3,3; 15)-Rc c3 and ca 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
1 
12 
123  
1323 
13322 
21122 
21213 
221321 
22311 
23221 
31231 
31323 
32113 '  
33131 
12345 
3 
23  
131  
213  I 
323123 
1322132 
32233111 
2312 212  
6 7 8 9 12131415 
1 
12  
123 
1323 
61  
72  
82 
92 
102 
'112 
123 
133 
143 
153 
1 
3322 
1122 
1213 
2131 
2312 
3221 
1231 
1323 
2113 
3132 
2345 
3 
23  
231  
1131 
11133 I 323213 
1321232 
32233111 
131232122 
6 7 89101112131415 
Fig. 3. Graph induced by any one-color edges in every (3,3,3; 15)-Rc. 
4. Upper bound for  R(4, 3, 3) 
Lemma 4.1. Let c be any (4,3; 8)-Rc o f  Ks. For any vertex v there exist three other 
vertices Vl, v2,w such that {v, vl, v2} forms a triangle in color 1 and w is adjacent to 
each o f  v, vl, v2 with edge in color 2. 
Proof. It is known that there are, up to isomorphism, three (4,3;8)-Rc c5,c6,c 7 with 
incidence matrices as in Table 2 [3]. For each coloring ci, i = 5, 6, 7, define the family 
of three-vertex sets Tij and the corresponding vertices wo, such that the vertices 
contained in each set Tij form a triangle in color 1 in the coloring ci, and each vertex 
wij is connected, in the coloring ci, to all vertices in Tij by edges in color 2. To 
complete this proof, it is enough to observe that in each case the family ~ covers the 
set of  all vertices. These families and vertices wij are listed in Table 3. [] 
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Table 2 
Incidence matrices for (4,3; 8)-Rc 
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$ 
6 
7 
8 
¢5 (:6 C7 
1 
I 2 
! 1 3 
I I 2 4 
1 2 1 2  
1221 
2 1 1 2  
2 1 2 1  
$ 
i 6 
12  7 
1 ! 8 
1 
I I 
I ! 
1 2 1 2  
1 2 2 1  
2 1 1 2  
2 1 2 1  
I 
i 2 
2 I I 
I 
12  
I 
2 ! 
3 i 
4 I 
$ i 
62  
7 2 
8 2 
I 
2 1 
1 2 
2 1 
2 2 
i 
1 1 
2 
! 2 
2 1 
1 ! 
4 5 
I 
1 2 3 4 5 6 7 8  1 2 3 4 5 6 7 8  23  67  
Table 3 
Families J// and sequences wij 
i j Tij wij 
5,6 l ,[1,4,6} 7 
2 ,[2,3,7]. 6 
3 ,[3,5,7} 4 
4 {4,6,8} 3 
7 1 {1,3,5} 6 
2 {2,4,6} 5 
3 ,[6,7,8} 1 
The previous lemma and the values of R(4,3) = 9 and R(3,3) = 6 lead to the 
following: 
Lemma 4.2. Let v be any vertex of  (4,3,3;32)-Rc and i E {2,3}. I f  n i (v )=8 then 
n l (u )= 15 for each vertex uENi(v). 
Proof. By symmetry we can assume i=3.  Let vl be any vertex of  N3(v) and n3(v) -8 .  
We will show that n l (v l )= 15. In order to avoid triangles in color 3 the coloring 
induced by N3(v) must be a (4,3;8)-Rc. Therefore, from Lemma 4.1 there are three 
vertices v2,v3,w E N3(v), such that {v],v2,v3} forms a triangle in color 1 and w is 
connected to each of  vl, v2, v3 by an edge in color 2. 
By applying inclusion-exclusion principle to sets Nl(Vi) we obtain: 
3 3 3 
nl(vi) = U Nl(Vi) + ~ INl(Vi) n N~(vj)l - ~=lNl(Vi) • (2) 
i=1 i=1 1 <~i<j<~3 i 
Since v,w q~ Nl(vi), for i=  1,2,3, we have 
3 
i~=lNl(Vi) ~ 30. 
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For any edge {vi, vj} in color 1, to avoid K4 in color 1, the coloring induced 
by Nl(vi)f'l Nl(vj) must be a (2,3,3)-Rc, and thus by R(3,3) = 6 we obtain 
INI (vi) fq N1 (vj)[ ~< 5. This implies the inequality: 
{Nl(Vi) A N,(vj)[ <.15. 
1 <~i<j<~3 
Because {VI,V2, V3} forms the triangle in color 1, it is obvious that avoiding K4 in 
color 1 requires: 
3 
NI (V i ) :O .  
i=1 
Now, applying the above in (2) we obtain: 
3 
~'~nl(vi)<~ 45. (3) 
i=1 
Since R(4 ,3)= 9 then n2(vi),n3(vi)<~8, which in turn implies that nl(v i )= 31 - 
n2(v i ) -  n3(vi)>~ 15. This and (3) imply that nl(vi)= 15 for each iE{1,2,3}. [] 
Now we are ready to prove the main theorem: 
Theorem 4.1. R(4,3,3)~<32. 
Proof. Assume that there exists a (4,3,3;32)-Rc. The values of R(3 ,3 ,3)= 17 and 
R(4, 3 ) -9  imply that for any vertex v, we have 
15~<nl(v)~<16 and 7<~n2(v),n3(v)<<.8. (4) 
Suppose that there is a vertex v with nl(v) = 16. Then n2(v) ---- 8 or n3(v ) = 8. 
By symmetry we may assume that n2(v) = 8. Let u be any vertex in N2(v). From 
Lemma 4.2 we have nl(u)= 15 and based on (4) we obtain n2(u)= n3(u)= 8, so 
by Lemma 4.2 for any vertex wENz(u)UN3(u) we have n l (w)= 15. Thus vEN2(u) 
implies that n l (v)= 15, which contradicts n l (v)= 16. Taking into account (4) we obtain 
nl (v)= 15 for each vertex v. (5) 
For any subset of vertices S, define el(S) to be the number of edges in color i in the 
subgraph induced by S. For any vertex v, the number of triangles in color 1 containing 
v is equal to el(Nl(v)). Thus the number of triangles in color 1 in our coloring is 
equal to 
½ ~-~ e,(Nl(V) ) 
Y 
which, by Proposition 3.1(d) and (5), must be equal to 32.35/3. This is impossible, 
since the number of triangles i an integer. [] 
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5. Final remarks 
The proof of the main theorem is partially based on the result of  computer compu- 
tations (Proposition 3.1(d)). Two programs, written by the author, were used. First of  
them is an implementation of a look-ahead searching method and was applied to ex- 
tend the partial colorings to obtain all possible (3,3,3; 15)-Rc. The second was used to 
check the isomorphism between two edge-colorings. In order to verify these programs 
we applied them to generate all (3, 3,3; 16)-Rc and obtained both colorings found by 
Kalbfleisch in [4]. We have performed also several other tests which confirmed the 
correctness of both programs. The total amount of computation time on PC 486 did 
not exceed two hours. 
Using the same programs and approach similar to that presented in the third section 
we were able to complete the catalogue of all nonisomorphic (3, 3, 3; 14)-Rc containing 
651 colorings, among which 115 are mutually not similar. We expect that deeper 
study of these colorings, supported by the help of computer algorithms, might lead 
to further improvement of the bounds for the Ramsey number R(4, 3, 3), and even 
to the evaluation of its exact value. We feel that this is probably the only unknown 
classical multicolor Ramsey number, whose exact evaluation is within reach of the 
current methods. 
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